Re ma r ks/Arq u m e n ts 

Claims 10, 12-15 and 22-42 are pending in the application. Claims 10, 12-15 are 
rejected. Claims 22-42 are withdrawn as drawn to a non-elected invention. 

Elections/Restrictions 

The Office Action withdraws claims 22-42 from consideration as independent or distinct 
from the invention originally claimed. In support, the Office Action recites various elements from 
the withdrawn claims but does not provide detailed reasons in support of its position that the 
claims are drawn to a different invention. The Office Action cites MPEP 821 .03, which allows a 
restriction requirement to be elected by original presentation without a response from the 
applicant. 

However, MPEP 814 requires "a clear and detailed record of the restriction requirement 
to provide a clear demarcation between restricted inventions." The Office Action merely recites 
features of claim 22. However, this does not clearly demarcate the allegedly separate 
inventions. For example, the Office Action recites a rotatable hub. However, it is unclear if 
adding a rotatable hub to claim 10 would produce a linking claim or cause withdrawal of claim 
1 0 under a specified rule. This uncertainty would continue if a divisional were filed drawn to the 
withdrawn claims. 

Second, MPEP 814 also states that the record "should indicate the classification or 
separate status of each group, as for example, by class and subclass." The Office Action does 
not identify class and subclass for any claims. Identification of class and subclass may provide a 
meaningful way for Applicant to distinguish between the allegedly distinct inventions. 

Third, the Office Action provides no reason for the restriction. MPEP 817 indicates that a 

restriction requirement should ££ [p]rovide reasons for insisting upon restriction" and details five 

possible reasons. None of these reasons are alleged in the Office Action. Furthermore, every 

administrative agency "is obligated to explain its reasons" for taking a particular action. Motor 
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Vehicle Mfrs. Ass'n v. State Farm Mut. Auto. Ins. Co., 463 U.S. 29 (1983). A restriction 
requirement must "articulate a satisfactory explanation ... including a 'rational connection 
between the facts found and the choice made.'" Id. at 43, quoting Burlington Truck Lines, Inc. v. 
United States, 371 U.S. 156, 168 (1962). The Office Action does not provide any explanation. 

In fact, the claims should not be restricted because the are sufficiently similar to the 
existing set of claims. 

Accordingly, Applicant traverses the restriction requirement as improper and requests 
claims 22-42 be entered and examined. The finality of the Action must also be withdrawn 
because the claims were not properly entered and examined. 

Section 103 Rejections 

Because a generator need not include a stator, and a stator need not be current 
conducting, the prima facie case has not been made for claim 14. 

Claim 14 is rejected under 35 U.S.C. § 103(a) over Dildine (US 2,823,653) in view of 
Heniges (US 4,485,768).The Office Action asserts that Applicant's argument that a generator 
may or may not include a stator was unpersuasive. The Office Action asserts that a stator is "a 
stationary part in a machine." The Office Action further states, ££ [f]or a generator to induce flux 
and/or create a magnetic field and thus produce electricity, a stator must be provided so that 
stator and rotor interact to produce flux." The Office Action cites the book Electrical Power , but 
does not identify a particular passage justifying the assertion that a stator must be provided. 
However, this is in error as demonstrated below. 

First, Applicant notes evidence that refutes the assertion that a stator must be provided. 

For example, one passage in Electrical Power states: 

Voltage can be induced in a wire that is in a magnetic field. This 
happens when the magnetic flux is cut by the wire. In some cases, 
the wire moves. In other cases, the field moves. In still others, 
both are moving, but at different speeds. 

p125 (emphasis added). Where both are moving, there is no "stationary part" and no stator. 
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Applicant notes that symmetry of moving the flux or moving the wire was discovered in 
1831 by Michael Faraday. Applicant has supplied a portion of the book Introduction to 
Electrodynamics (Third Edition) by David Griffiths (see attached excerpt). Griffiths recounts 
Faraday's experiment showing only the relative motion of the flux generating and current 
conducting components in a generator is relevant not the absolute motion or which component 
is moving. This series of experiments found that when a loop of wire is placed in a magnetic 
field, pulling the loop of wire to the right (Experiment 1 ) generates the same current as pulling 
the magnet to the left (Experiment 2). This is precisely the result stated in the passage above 
from Electrical Power: whether the wire moves, the flux-generator moves, or both move, the 
same current is produced. 

Furthermore, there are a number of US Patents to statorless generators. For example, 
US 3,925,696 "Statorless Dynamo-Electric Machine" and US 3,390,290 "Statorless Homopolar 
Motor or Reaction Torque Generator." 

The evidence above contradicts that Office Action's statement that a stator must be 
provided. 

Second, even if a stator is present, it may be a flux-generating stator rather than a 
current-conducting stator. Electrical Power states, "The field may be wound on the stator as in 
view C, Fig. 8-5. Or it may be wound on the rotor as in view D, Fig. 8-5." p128. Similarly, 
Electrical Power Fig. 8-6 shows an armature coil rotating in a magnetic field. "As the armature 
coil revolves, its conductors cut across the magnetic field. This causes a voltage to be induced 
into the coil." p129 (emphasis added.) In addition, Griffiths' Problem 7.10 (p300) and Figure 7.18 
(p301) show an "alternating current generator" comprising a square loop of wire rotated at a 
particular angular velocity in a uniform magnetic field. Thus, even if a generator includes a 
stator, it need not include "a current conducting element disposed in fixed relation to the ring 
assembly" as recited by claim 14. Because the Office Action only alleges that a stator must be 
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present, a prima facie case of obviousness has not been established even if this statement were 
true. 

Accordingly, the prima facie case has not been made for claim 14. Furthermore, 
dependent claim 15 is not obvious for at least this reason. 

Furthermore, Applicant notes that any new grounds of rejection of claim 14 should be 
presented in a non-final action. Claim 14 has not been amended and any new grounds are not 
necessitated by amendment. Accordingly, for this additional reason, the finality of the Action 
must be withdrawn. 

Because Patarchi's purposes are frustrated by Dildine and Heninges, the prima facie 
case of obviousness of claim 10, 12, and 13 has not been made. 

Claims 10, 12, 13 is rejected under 35 U.S.C. §1 03(a) as being unpatentable over 
Dildine in view of Heniges and Patarchi (U.S. Patent No. 6,486,582). 

If proposed modification would render the prior art invention being modified 
unsatisfactory for its intended purpose, then there is no suggestion or motivation to make the 
proposed modification. MPEP 2143.01 (V); In re Gordon, 733 F.2d 900, 221 USPQ 1 125 (Fed. 
Cir. 1984). Therefore, the combination of references is improper. 

One purpose of Patarchi is "simplicity of construction, provided by the modular structure 
of the machine, its reliability is high, and its maintenance is made easier and does not require 
the intervention of particularly specialized personnel." Col. 2, lines 32-35. Fig. 1 of Patarchi 
shows a mere handful of simple parts. 

Combination with Dildine and Hengines would frustrate this purpose. Dildine is 
substantially more complex, including a multitude of elements such as a governor 22, central 
power cylinder 26, intake ports 28, exhaust ports 30, power pistons 32 and 34, compressor 
cylinders 40 and 42, valve plates 46 and 48, end covers 52 and 54, cushion chambers 56 and 
58, fuel injection pump 60, fuel injector nozzle 62, suction valves 66 and 68, compressor 
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chambers 70 and 72, delivery valves 74 and 76, synchronizing racks 80 and 82, rocking shaft 
88, bevel gear 90, synchronizer pinion 84, cam lobe 94, cam follower 96, floating leve 100, 
piston valve 104, valve cylinder 106, pivot pin 115, roller 116, tension spring 118, etc. Heniges 
adds even more components such as control shaft 29, crank boss 32, first set of gears 33, 36, 
37, and 38, timing gears 40, 41, 42, and 43, parallelogram linkage arms 50, 51, and 52, 
bearings 53 and 54, timing shaft 35, stub shafts 55 and 56, etc. This wide array of parts vastly 
complicates the combined device and frustrates the simplicity of construction of Patarchi. And 
there is no evidence as to how a single device could result from this multitude of elements. 
Moreover, this large array of moving parts has none of the reliability or ease of maintenance of 
Patarchi. Furthermore, the added complexity of combustion requires particularly specialized 
personnel in derogation of Patarchi's accessibility to laymen. Finally, the profusion of parts 
reduces the reliability and increases the difficulty of maintenance. 

The proposed modification renders Patarchi unsatisfactory for its intended purpose of 
"simplicity of construction, provided by the modular structure of the machine, its reliability is 
high, and its maintenance is made easier and does not require the intervention of particularly 
specialized personnel." Col. 2, lines 32-35. 

Another purpose of Patarchi is to provide a "flat and essentially compact structure." Col. 
2, line 36. Fig. 1 shows this flat and essentially compact structure. Fig. 4 shows installation in a 
washing machine. Fig. 5 shows the device installed inside a bicycle wheel. However, Dildine 
and Heniges are not flat and essentially compact. The combination frustrates this purpose of 
Patarchi. For example, Dildine Fig. 1 and Hengines Fig. 1 both show large, irregularly shaped 
devices, neither of which is flat and essentially compact. 

Accordingly, the combination of references is improper and the prima facie case of 
obviousness for claim 10 has not been made. Furthermore, dependent claims 12 and 13 are not 
obvious for at least this reason. 
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Because Patarchi does not teach or suggest use of alternating magnets, and the Office 
Action merely alleges a particular structure, the prima facie case of obviousness of claim 
12 has not been made. 

Claims 12 is rejected under 35 U.S.C. §103(a) as being unpatentable over Dildine in 
view of Heniges and Patarchi (U.S. Patent No. 6,486,582). Claim 12 recites "a plurality of 
alternating polarity magnets." 

In determining the differences between the prior art and the claims, the question under 
35 U.S.C. §103 is not whether the differences themselves would have been obvious, but 
whether the claimed invention as a whole would have been obvious. MPEP 2141.02; Stratoflex, 
Inc. v. Aeroquip Corp., 713 F.2d 1530, 218 USPQ 871 (Fed. Cir. 1983). The Office Action 
alleges that Patarchi teaches alternating polarity magnets. However, the Office Action merely 
alleges the difference itself would have been obvious. 

Notably, the Office Action does not explain ^/alternating polarity magnets would be 
added to a combination of Dildine and Heniges. The key to supporting any rejection under 35 
U.S.C. 103 is the clear articulation of the reason(s) why the claimed invention would have been 
obvious. MPEP 2142; KSR International Co. v. Teleflex Inc., 550 U.S. 398, 82 USPQ2d 1385, 
1396 (2007). The Office Action merely alleges a particular structure and does not identify any 
suggestion why such a structure should be used. 

Accordingly, the prima facie case of obviousness for claim 12 has not been made. 

The prima facie case of obviousness has not been made for claim 15 because Umeda 
does not teach use of three-phase winding and Umeda's phase variation would harm 
generator capacity. 

Claim 15 is rejected under 35 U.S.C. §1 03(a) as being unpatentable over Dildine in view 
of Heniges and Patarchi as applied to claim 14 and further in view of Umeda (U.S. Publication 
No. 2002/0135257). Claim 15 recites "the stator assembly comprises a three-phase winding." 
The Office Action alleges that Umeda discloses two sets of three phase windings to allow 
smooth change in output characteristics. 
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Moreover, such a combination is improper because it harms the generator's ability to 
produce power. Dildine uses a two-phase generator as indicated by the two generator terminals 
20, shown in Fig. 1. Varying the output phase of a two-phase generator can only decrease the 
power. Thus, there is no benefit to changing the output characteristics of the generator in 
Dildine. "[I]f a technique has been used to improve one device, and a person of ordinary skill in 
the art would recognize that it would improve similar devices in the same way, using the 
technique is obvious." KSR, 550 U.S. at 417. Conversely, if proposed modification would render 
the prior art invention being modified unsatisfactory for its intended purpose, then there is no 
suggestion or motivation to make the proposed modification. MPEP 21 43.01 (V); In re Gordon, 
733 F.2d 900, 221 USPQ 1125 (Fed. Cir. 1984). Modifying the generator to decrease the power 
frustrates the purpose of the generator to efficiently produce power. Thus, the combination with 
Umeda is improper. 

Even if the combination is proper, Applicant notes that Umeda does not teach the use of 
three-phase windings. As the Office Action notes, Umeda does disclose a method for changing 
output characteristics of three-phase generators. Dildine is not a three-phase generator, but as 
noted above, a two-phase generator. Umeda does not teach or suggest converting two-phase 
generators to three-phase generators. 

Thus, even if a combination is proper, Umeda does not teach or suggest modifying 
Dildine's two-phase winding to "a three-phase winding" as recited by claim 15. Accordingly, the 
prima facie case for claim 15 has not been made. 

Nothing herein should be deemed as a disclaimer or surrender of any rights, an 
acquiescence in any rejection, or a waiver of any arguments that might have been raised but 
were not raised herein or otherwise in the prosecution of this application. Applicant reserves all 
rights and subject matter with respect to claims being or to be pursued in this or a related 
application. 
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CONCLUSION 



Applicant submits that in view of the foregoing remarks and/or amendments, the 
application is in condition for allowance, and favorable action is respectfully requested. 

The Commissioner is hereby authorized to charge any fees, including extension fees, or 
to charge any additional fees or underpayments, or to credit any overpayments, to the Credit 
Card account referenced and authorized via the EFS Web (Electronic Filing System). As an 
alternative, in case the Credit Card cannot be processed, the Commissioner is hereby 
authorized to charge any fees, additional fees, or underpayments, or to credit any 
overpayments, to Deposit Account No. 50-1001. 



Respectfully submitted, 




Date: 



April 23. 2009 



Bradley M. Ganz 
Registration No. 34,170 
P. O. Box 2200 
Hillsboro, Oregon 97123 
Telephone: (503) 844-9009 
Facsimile: (503)296-2172 
email: mail@ganzlaw.com 
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CHAPTER 7. ELECTRODYNAMICS 



7 . 1.2 Electromotive Force 



If you think about a typical electric circuit (Fig. 7.7)— a battery hooked up to a light bulb, 
say— there arises a perplexing question: In practice, the current is the same all the way 
around the loop, at any given moment; why is this the case, when the only obvious driving 
force is inside the battery? Off hand, you might expect this to produce a large current in 
the battery and none at all in the lamp. Who's doing the pushing in the rest of the circuit, 
and how does it happen that this push is exactly right to produce the same current in each 
segment? What's more, given that the charges in a typical wire move (literally) at a snail's 
pace (see Prob. 5. 19), why doesn't it take half an hour for the news to reach the light bulb? 
How do all the charges know to start moving at the same instant? 





Figure 7.7 



Figure 7.8 



Answer: If the current is not the same all the way around (for instance, during the first 
split second after the switch is closed), then charge is piling up somewhere, and— here's the 
crucial point— the electric field of this accumulating charge is in such a direction as to even ■■ 
out the flow. Suppose, for instance, that the current into the bend in Fig. 7.8 is greater than 
the cuirent out. Then charge piles up at the "knee" and this produces a field aiming away 
from the kink. This field opposes the current flowing in (slowing it down) and promotes the 
current flowing out (speeding it up) until these currents are equal, at which point there is 
no further accumulation of charge, and equilibrium is established. It's a beautiful system, 
automatically self-correcting to keep the current uniform, and it does it all so quickly that, 
in practice, you can safely assume the current is the same all around the circuit even in 
systems that oscillate at radio frequencies. 

The upshot of all this is that there are really two forces involved in driving current around 
a circuit: the source, f Si which is ordinarily confined to one portion of the loop (a battery, 
say), and the electrostatic force, which serves to smooth out the flow and communicate the 
influence of the source to distant parts of the circuit: 

f = i,+e. a-8) 

The physical agency responsible for f s can be any one of many different things: in a battery 
it's a chemical force; in a piezoelectric crystal mechanical pressure is converted into an 




V 
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....^efeistriGAL impulse;. in a thermocouple it's a. temperature gradient. that does the job; in a 
photoelectric cell it's light; and in a Van de Graaff generator the electrons are literally 
loaded onto a conveyer belt and swept along. Whatever the mechanism, its net effect is 
determined by the line integral of f around the circuit: 




(7,9) 



(Because <£E * dl = 0 for electrostatic fields, it doesn't matter whether you use f or f Jt ) 
£ is called the electromotive force, or emf, of the circuit. It's a lousy term, since this is 
not a force at all— it's the integral of a force per unit charge. Some people prefer the word 
electromotance, but emf is so ingrained that I think we'd better stick with it. .- . s 
: Within an ideal source of emf (a resistanceless battery, 3 for instance); the net force on 
the charges is zero (Eq. 7.1 with a = oo), so E - -fj.jThe potential difference between 
the terminals (a and b) is therefore 

f ^ 

V = - / E dl= f s <d\=d)f s -d\ = E j " (7,10) 

Ja Ja J 

(we can extend the integral to the entire loop because f s = 0 outside the source). The 
function of a battery, then, is to establish and maintain a voltage difference equal to the 
electromotive force (a 6 V battery, for example, holds the positive terminal 6 V above the 
negative terminal). The resulting electrostatic field drives current around the rest of the 
circuit (notice, however, thai-inside the battery f s drives current in the direction opposite to 
E). 

Because it's the line integral of f St S can be interpreted as the work done, per unit charge, 
by the source — indeed, in some books electromotive force is defined this way. However, 
as you'll see in the next section, there is some subtlety involved in this interpretation, so I 
prefer Eq. 7.9. 



Problem 7.5 A battery of emf £ and internal resistance r is hooked up to a variable "load" 
resistance, R . If you want to deliver the maximum possible power to the load, what resistance 
R should you choose? (Yon can't change 8 and of course.) 

Problem 7.6 A rectangular loop of wire is situated so that one end (height h) is between the 
plates of a parallel-plate capacitor (Fig. 7.9), oriented parallel to the field E. The other end 
is way outside, where the field is essentially zero. What is the emf in this loop? If the total 
resistance is R, what current flows? Explain. [Warning: this is a nick question, so be careful; 
if you have invented a perpetual motion machine, there's probably something wrong with it.] 



Real batteries have a certain internal resistance, r, and the potential difference between their terminals is 
£ - h\ when a current / is flowing. For an illuminating discussion of how batteries work, see D. Roberts, Am. 
J.Phys. 51, 829 (1983). 
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Figure 7,9 



7.1,3 Motional emf 

In the last section I listed several possible sources of electromotive force in a circuit, batteries 
being the most familiar. But I did not mention the most common one of all: the generator. 
Generators exploit motional emf s, which arise when you move a wire through a magnetic 
field. Figure 7.10 shows a primitive model for a generator. In the shaded region there is a 
uniform magnetic field B, pointing into the page, and the resistor R represents whatever it 
is (maybe a light bulb or a toaster) we're trying to drive current through. If the entire loop 
is pulled to the right with speed u, the charges in segment ab experience a magnetic force 
whose vertical component qvB drives current around the loop, in the clockwise direction. 
The emf is 



mag 



■dl = vBh, 



(7.11) 



where h is the width of the loop. (The horizontal segments be and ad contribute nothing, 
since the force here is perpendicular to the wire.) 

Notice that the integral you perform to calculate £ (Eq. 7.9 or 7. II) is carried out at one 
instant of time— lake a "snapshot 1 ' of the loop, if you like, and work from that. Thus dl, for 
the segment ab in Fig. 7.10, points straight up, even though the loop is moving to the right. 
You can't quarrel with this— it's simply the way emf is defined — but it is important to be 
clear about it. 




Figure 7T0 
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v 




pull 



Figure 7. 11 



In particular, although the magnetic force is responsible for establishing the emf, it is 
certainly not doing any work — magnetic forces never do work. Who, then, is supplying the 
energy that heats the resistor? Answer: The person who's pulling on the loop! With the 
current flowing, charges in segment ab have a vertical velocity (call it u) in addition to the 
horizontal velocity v they inherit from the motion of the loop. Accordingly, the magnetic 
force has a component quB to the left. To counteract this, the person pulling on the wire 
must exert a force per unit charge 



to the right (Fig, 7 A \ ). This force is transmitted to the charge by the structure of the wire. 
Meanwhile, (lie particle is actually moving in the direction of the resultant velocity w, and 
the distance it goes is ihj cos 0). The work done per unit charge is therefore 



(sinf? coming from the dot product). As it aims out, then, the work done per unit charge 
is exactly equal to the emf, though the integrals are taken along entirely different paths 
(Fig. 7.12) and completely different forces are involved. To calculate the emf you integrate 
around the loop at one instant, but to calculate the work done you follow a charge in its 
motion around the loop; f pu n contributes nothing to the emf, because it is perpendicular to 
the wire, whereas f mag contributes nothing to work because it is perpendicular to the motion 
of the charge. 4 

There is a particularly nice way of expressing the emf generated in a moving loop. Let 
-<1> be the flux of B through the loop: 





(7.12) 



For the rectangular loop in Fig. 7.10, 



$ = Bhx. 



Tor further discussion, sec E. P. Mosca, Am. J. Phys. 42, 295 (1974). 
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(a) Integration for computing (b) Integration path for calculating work 

£ (follow the wire at one instant done (follow the charge around the loop), 

of time). 



Figure 7.12 



As the loop moves, the flux decreases: 

d® n dx 

— = Bh — = -Bhv. 

dl dt 

(The minus sign accounts for the fact that dxjdi is negative.) But this is precisely the 
emf (Eq. 7.11); evidently the emf generated in the loop is minus the rate of change of flux 
through the loop: 



d<& 



(7.13) 



This is the flux rule for motional emf. Apart from its delightful simplicity, it has the virtue 
of applying to 7i<97xrectangular loops moving in arbitraiy directions through ftojiuniform 
magnetic fields; in fact, the loop need not even maintain a fixed shape. 



Proof: Figure 7. 13 shows a loop of wire at time t and also a short time dt later. 
Suppose we compute the flux at time t, using surface S, and the flux at time 
t + dt, using the surface consisting of S plus the "ribbon" that connects the 
new position of the loop to the old. The change in flux, then, is 

d® = <D(r + dt) - *(f) = $ribbou = / B-rfa. 

J ribbon 

Focus your attention on point P : in time dt it moves to P f . Let v be the velocity 
of the wire, and u the velocity of a charge down the wire; w = v -F u is the 
resultant velocity of a -charge at P. The infinitesimal element of area on the 
ribbon can be written as 

d2L - (v xdVjdt 
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Surface S 



dl<+" 




vdt 

P' 

Enlargement of da. 




Ribbon 



Loop at Loop at 
time t time ( r + di) 



Figure 7.13 



(see inset in Fig. 7.13). Therefore 

-=^B.(vx<*l). 

Since w = (v + u) and u is parallel to d\, we can also write this as 
d® f 

Now, the scalar triple-product can be rewritten: 



so 



But (w x B) is the magnetic force per unit charge, f mag , so 

f 

and the integral of f mag is the emf 



■dl 
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There is a sign ambiguity in the definition of emf(Eq. 7.9): -Which way around the 
loop are you supposed to integrate? There is a compensatory ambiguity in the definition 
of flux (Eq 7 12)- Which is the positive direction for dtf In applymg the flux rule, sign 
consistency is governed (as always) by your right hand: If your fingers define the positive 
direction around the loop, then your thumb indicates the direction of da. Should the emf 
come out negative, it means the current will flow in the negative direction around the circuit. 

The flux rule is a nifty short-cut for calculating motional emf 's. It does not contain any 
new physics. Occasionally you will run across problems that cannot be handled by the flux 
rule; for these one must go back to the Lorentz force law itself. 



Example 7.4 



A metal disk of radius a rotates with angular velocity <» about a vertical axis, through a uniform 
field B, pointing up. A circuit is made by connecting one end of a resistor to the axle and the 
other end to a sliding contact, which touches the outer edge of the disk (F,g. 7.14). Find the 
current in the resistor. 




(Sliding contact) 



Figure 7.14 



Solution: The speed of a point on the disk at a distance* from the axis is v = ow.so the force 
per unit charge is f mag = v x B = us Bs. The emf is therefore 



£= f 0 /mag ds =mB f s ds = 

Jo •'o 



o)Ba 2 



and the current is , 



R 2R 

The trouble with the fiux rule is that it assumes the current flows along a well-defined path 
whereas in this example the current spreads out over the whole disk. If, not even clear what 
the "flux through the circuit" would mean in this context. Even more tncky is the case ot euuy 
currents. Take a chunk of aluminum (say), and shake it arpui,(l in a nonuniform magnetic 
field. Currents will be generated in the material, and you will feel a kind of "viscous drag - «. 
though you were pulling the block through molasses (this is the force I called fpuli '« 
discussion of motional emf). Eddy currents are notoriously difficult to calculate, but easy 
and dramatic to demonstrate. You may have witnessed the classic experiment in wtucn « 



5 See, for example, W. M. Saslow, Am. J. Phys., 60, 693 (1992). 
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aluminum disk mounted as a pendulum on a horizontal axis swings down and passes between 
the poles of a magnet (Fig. 7.15a). When it enters the field region it suddenly slows way down. 
To confirm that eddy currents are responsible, one repeats the process using a disk that has 
many slots cut in it, to prevent the flow of large-scale currents (Fig. 7.15b). This time the disk 
swings freely, unimpeded by the field. 



Problem 7.7 A metal bar of mass m slides frictionlessly on two parallel conducting rails a 
distance I apart (Fig. 7.16). A resistor R is connected across the rails and a uniform magnetic 
field B 7 pointing into the page, fills the entire region. 




m 



Figure 7.16 
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(a) If the bar moves to the right at speed „, what is the current hi thermistor?. In what direction 
does it flow? 

(b) What is the magnetic force on the bar"' In what direction? 

(c) If the bar starts out with speed , 0 at time f = 0, and is left to slide, what is its speed at a 
later timer? 

(d) The initialkinetic energy of the bar was, of course, \mvj. Check that the energy delivered 
to the resistor is exactly \mv<f . 

Problem 7.8 A square loop of wire {side a) lies ou a table, a d.stance , from a very long straight 
wire, which carries a current 7, as shown in Fig. 7.17. 

(a) Find the flux of B through the loop. 

(b) If someone now pulls the loop directly away from the wire, at speed v what emf is 
generated? In what direction (clockwise or counterclockwise) does the current flow? 

(c) What if the loop is pulled to the right at speed v. instead of away? 




Figure 7.17 



Problem 7.9 An infinite number of different surfaces can be fit to a given boundary line, and 
ye^fimngthe magnetic flux through a loop, * = / B ■ da, I never specified the particular 
surface to be used. Justify this apparent oversight. 

Problem 7.10 A square loop (side a) is mounted on a vertical shaft and rotated U ^angular 
velocity eu (Fig. 7.18). A uniform magnetic field B points to the right. Find the £(t) for this 
alternating current generator. 

p ro blem7.11Asquareloop is cut out of a thick sheet of aluminum It is men placed so that the 
fop portion is in aumfon, magnetic field B. and allowed to fall under ^Jj^Jj 
the diagram, shading indicates the field region; B points into the page.) f the n gr*ac fi 
is 1 T (a pretty standard laboratory field), find the terminal velocity of the loop 0 n mfe _ ™ 
he velocity o^the ioop as a function of time. How long docs ,t take (m, seconds > «o«*3 
90% of the terminal velocity? What would happen if yon cut a any shun the 
the circuit? [Note: The dimensions of the loop cancel out; determine the actual numbers,! 
the units indicated.] 
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Figure 7.19 



7,2 Electromagnetic Induction 
7.2.1 Faraday's Law 

In 1831 Michael Faraday reported on a series of experiments, including three that (with 
some violence to history) can be characterized as follows: 

Experiment L He pulled a loop of wire to the right through a magnetic field (Fig. 7.20a). 
A current flowed in the loop. 

Experiment 2. He moved the magnet to the left, holding the loop still (Fig. 7.20b). Again, 
a current flowed in the loop. 

Experiments. With both the loop and the magnet at rest (Fig. 7.20c), he changed the 
strength of the field (be used an electromagnet, and varied the current in the coil). 
Once again, current flowed in the loop. 
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changing 

magnetic field 

Figure 7.20 
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The first experiment, of course, is an example of motional emf , conveniently expressed by 
the flux rule: 

of special relativity is has to be so. out r ' w ith remarkable implications. For 

electrodynamics this simple reciprocrty » a ^^3'™ m e loop is flrttm. 
if the loop moves, it's a magneto force tha .s u th ^ bu ^ P ^ 

BtS5£SS2=sssasr 

Faraday had an ingenious inspiration: 



(7.14) 



then E is related to the change in B by the equation 

/■■—/"•*■ 

This i, Fare's .aw. in to*** *« <™ * d ' ffe ™" W "" m " " PP " inS 

Stokes' theorem: , S5~l (7 16) 




Note rh.r F,r,d a /s l.w reduces to the old rule • <fl = 0 (or. in different*, fortn.1 

a kind of universal flux rule: 

Whenever (and for whatever reason) the magnetic flux through a loop changes, 
an emf ^<j) g ^ 

8 " "di ' • 

will appear in the loop. 

^^^r„ Experiment 2 is not really «n £ -ju 5 , »,<,.,«. W 1 — % 
*JJ you fit at a Ji*,. tow*-., the field *»* change, a, the magnet passes by. 
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, . . Many people call this "Faraday's law/ 5 Maybe I'm overly fastidious, but I find this confuse • ' 
ing. There are really two totally different mechanisms underlying Eq. 7.17, and to identify 
them both as "Faraday's law" is a little like saying that because identical twins look alike 
we ought to call them by the same name. In Faraday >s first experiment it's the Lorentz force 
law at work; the emf is magnetic. But in the other two it's an electric field (induced by 
the changing magnetic field) that does the job. Viewed in this light, it is quite astonishing 
that all three processes yield the same formula for the emf. In fact, it was precisely this 
"coincidence" that led Einstein to the special theory of relativity— he sought a deeper un- 
derstanding of what is, in classical electrodynamics, a peculiar accident. But that's a story 
for Chapter 12. In the meantime I shall reserve the term "Faraday's law" for electric fields 
induced by changing magnetic fields, and I do not regard Experiment 1 as an instance of 
Faraday's law. 



Example 7.5 

A long cylindrical magnet of length L and radius a carries a uniform magnetization M parallel 
to its axis. It passes at constant velocity v through a circular Wire ring of slightly larger diameter 
(Fig. 7.21). Graph the emf induced in the ring, as a function of time. 




Figure 7.21 



Solution: The magnetic field is the same as that of a long solenoid with surface current 
K b = M<j>. So the field inside is B = /x 0 M, except near the ends, where it starts to spread 
out. The flux through the ring is zero when the magnet is far away; it builds up to a maximum 
of fi 0 M7za as the leading end passes through; and it drops back to zero as the trailing end 
emerges (Fig. 7,22a). The emf is (minus) the derivative of <J> with respect to time, so it consists 
of two spikes, as shown in Fig. 7.22b. 

Keeping track of the signs in Faraday's law can be a real headache. For instance, in 
Ex, 7.5 we would like" to know which way around the ring the induced current flows.' In 
principle, the right-hand rule does the job (we called $ positive to the left, in Fig. 7.22a, so 
the positive direction for current in the ling is counterclockwise, as viewed from the left- 
since the first spike in Fig. 7.22b is negative, the first current pulse flows clocMise, and the 
second counterclockwise). But there's a handy rule, called Lenz's law, whose sole purpose 
is to help you get the directions right: 7 

? Unz>s law applies to motional emf 's, too, but for them it is usually easier to get the direction of the current 
nom the Lorentz force law. 
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(a) 



Ltv 



(b) 




Figure 7.22 



The induced current will flow in such a direction that the flux it F^^^ £ 
chanse (As the front end of the magnet in Ex. 7 .5 enters the nng, the flux increases, so the 

'in * rmg must generate a field to the ng^-h therefore flows d.dbme.) Nonce J 
Zit thTcS" in flux, not the flux itself, that nature abhors (when the tad end of the d 
ma^eSs Z L the flux drops, so the induced current flows counterclockv.se in a 
e^ort to restore it) . Faraday induction is a kind of ''inertial" phenomenon A con ucUa 
loop "likes" to maintain a constant flux through it; if you try to change the flux the loop 
loads by sending a com* around in such a direction as to frustrate your efforts, (ft 
S Tsl^t^y-, the flux produced by the induced current is typically only a 
tiny action of the original. All Lenz's law tells you is the diction o HhefjowQ^ 



Example 7.6 



The jumping ring" demonstration. If you wind a solenoidal coil around an iron cor, (the , 
J£ is toe 5 beef up the magnetic field), piace a metal ring on ,op, and plug it m. the nng.. 
will jump several feet in the air (Fig. 7 .23). Why? 

Solution- Before yon turned on the current, the flux through the ring was zero. Afienm-d^ 

this new flux. This means that the current in the loop is opposite to the current ,n the solenoid | 
And opposite currents repel, so the ring flies off. 



*For further Hussion M «* gating ring"), see C S. Schneider and I- P. ^ | 

Am. IPhys. 66,686 (1998). 
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11/ 



ring 



solenoid 



Figure 7.23 



Problem 7.12 A long solenoid, of radius a, is driven by an alternating current, so that the field 
inside is sinusoidal: B(f) = B 0 cos{(ot)z. A circular loop of wire, of radius a /2 and resistance 
R y is placed inside the solenoid, and coaxial with it. Find the current induced in the loop, as a 
function of time. 

Problem 7.13 A square loop of wire, with sides of length a, lies in the first quadrant of the 
xy plane, with one corner at the origin. In this region there is a nonuniform time-dependent 
magnetic field B(y, t) = ky 3 t 2 z (where k is a constant). Find the emf induced in the loop. 

Problem 7.14 As a lecture demonstration a short cylindrical bar magnet is dropped down a 
vertical aluminum pipe of slightly larger diameter, about 2 meters long. It takes several seconds 
to emerge at the bottom, whereas an otherwise identical piece of mimagnetizedmm makes the 
trip in a fraction of a second. Explain why the magnet falls more slowly. 



7.2.2 The Induced Electric Field 

What Faraday's discovery tells us is that there are really two distinct kinds of electric fields: 
those attributable directly to electric charges, and those associated with changing magnetic 
fields. 9 The former can be calculated (in the static case) using Coulomb's law; the latter 
can be found by exploiting the analogy between Faraday's law, 

__ ._ dB 

V x E - --- f 

9 You could, I suppose, introduce an entirely new word to denote the field generated by a changing B. Electro- 
dynamics would then involve three fields: E-fields, produced by elecu-ic charges [V • E = (l/eo)p, VxE=0]; 
B-fields, produced by electric currents [V • B — 0, V x B = yx 0 J]; and G-fields, produced by changing magnetic 
fields [V . G = 0, V x G = -dB/dt]. Because E and G cx&nforces in the same way [F - q(E + G)], it is tidier 
to regard their sum as a single entity and call the whole thing "the electric field " 



CHAPTER 7. ELECTRODYNAMICS 

306 

and Ampere's law, ^ tM - r - — 

VxB = ^oJ- 

Of course, the curl alone is not enough to determine a Md-you must also specify the 
divergence. But as long as E is a pure Faraday field, due exclusively to a changing B (wrth 
p = 0), Gauss's law says 

y V-E = 0, 

while for magnetic fields, of course, 

V-B = 0 

always So the parallel is complete, and I conclude that Famd^nduced electric fields are 
determined by -0B/3O in exactly the same way as nmgnetostanc fields are determined 

^ particular, if symmetry permits, we can use all the tricks associated with Ampere's 
law in integral form, 

<f> B • d\ - /^oUi 
only this time it's Faraday's law in integral form: 



i 



E.rfl = -^. (7.18)1 

dt 

The rate of change of (magnetic) flux through the Amperian loop plays the role formerly j 

assigned to jiohnc- 

Example 7.7 

A uniform magnetic field B(0, pointing straight up, fills the shaded dieular region of Fig. 
7 24 If B is changing with time, what is the induced electric field? 
Solution: E points in the circunrfcmntial direction, jost like *e mastic field inside a long | 
straight wire carrying a unifom, current density. Draw an Ampenan loop of radius and 
apply Faraday *s law: 

Therefore dB > ^ 

If B is increasing, E runs clockwise, as viewed from above. 



Example 7,8 

AlinechargeAis glued onto the rim of a wheel of radiusb, whichis then suspended horizontally 
i how n Fig 25, so that it is.free to rotate (the spokes are made of some nonconduchn v 
Z^tZool ma^e). in the central region, out to radius a. there is a uniform magnet^ 
field Bo. pointing up. Now someone turns the field off. What happens? 
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Amperian loop of radius s 



X 



Figure 7.24 



Figure 7,25 



Solution: The changing magnetic field will induce an electric field, curling around the axis of 
the wheel. This electric field exerts a force on the charges at the rim, and the wheel starts to 
turn. According to Lenz's law, it will rotate in such a direction that its field tends to restore 
the upward flux. The motion, then, is counterclockwise, as viewed from above. 

Quantitatively, Faraday's law says 



Now, the torque on a segment of length dl is (r x F), or bXEdl. The total torque on the wheel 



It doesn't matter how fast or slow you turn off the field; the ultimate angular velocity of the 
wheel is the same regardless. (If you find yourself wondering where this angular momentum 
came from, you're getting ahead of the story! Wait for the next chapter.) 

A final word on this example: It's the electric field that did the rotating. To convince you of 
this I deliberately set things up so that the magnetic field is always zero at the location of the 
charge (on the rim). The experimenter may tell you she never put in any electric fields— all she 
did was switch off the magnetic field. But when she did that, an electric field automatically 
appeared, and it's this electric field that turned the wheel. 




is therefore 
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I must warn you, now, of a small fraud that tarnishes many applications of Faraday's law: 
Electromagnetic induction, of course, occurs only when the magnetic fields are changing, 
and yet we would like to use the apparatus of magnetostoricr (Ampere's law, the Biot-Savart 
law, and the rest) to calculate those magnetic fields. Technically, any result derived in this 
way is only approximately correct. But in practice the error is usually negligible unless the 
field fluctuates extremely rapidly, or you are interested in points very far from the source. 
Even the case of a wire snipped by a pair of scissors (Prob. 7.18) is static enough for 
Ampere's law to apply. This regime, in which magnetostatic rules can be used to calculate 
the magnetic field on the right hand side of Faraday's law, is called quasistatic. Generally 
speaking, it is only when we come to electromagnetic waves and radiation that we must 
worry seriously about the breakdown of magnetostatics itself. 

Example 7.9 

An infinitely long straight wire carries a slowly varying current !(t). Determine the induced 



electric field, as a function of the distance s from the wire 



10 



- Amperian loop 



Figure 7.26 



Solution: In the quasistatic approximation, the magnetic field is (vol/lns), and it circles 
around the wire. Like the B-field of a solenoid, E here runs parallel to the axis. For the 
rectangular "Amperian loop" in Fig. 7.26, Faraday's law gives: 

^E-rfl = E(so)l-E(s)l = ~ / B ' rfa 

Ml di f s 1 , , f w>l di 
- — — / —ds - --^-—(lns-lnjo). 

Thus 

EW J^^ lnj + d 2i (7.19) 
L2?r dt \ 

where K is a constant (that is to say, it is independent of a-— it might still be a function of 
t). The actual value of K depends on the whole history of the function I (/)— we'll see some 
examples in Chapter 10. 



lu This example is artificial, and not just in the usual sense of involving infinite wires, but in a more subtle respect. 
It assumes that the current is the same (at any given instant) all the way down the line. This is a sate assumption 
for the short wires in typical electric circuits, but not (in practice) for long wires {transmission lines), unless you 
supply a distributed and synchronized driving mechanism. But never mind— the problem doesn't inquire how you 
would ptvduce such a current; it only asks what fields would result if you did, (Variations on this problem are 
discussed in M. A. Heald, Am. 1 Phys. 54, 1 142 (1986). and references cited therein.) 
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Equation 7:19 has the peculiar implication that E blows up as s goes to infinity. That can't 
be true , . . What's gone wrong? Answer: We have overstepped the limits of the quaslstatic 
approximation. As we shall see in Chapter 9, electromagnetic "Dews" travels at the speed of 
light, and at large distances B depends not on the current now, but on the current as it was at 
some earlier time (indeed, a whole range of earlier times, since different points on the wire are 
different distances away). If x is the time it takes / to change substantially, then the quasistatic 
approximation should hold only for 

s ct, (7,20) 
and hence Eq, 7.19 simply does not apply, at extremely large s. 



Problem 7,15 A long solenoid with radius a and n turns per unit length carries a time-dependent 
current 7 (f) in the 4> direction. Find the electric field {magnitude and direction) at a distance 
s from the axis (both inside and outside the solenoid), in the quasistatic approximation. 

Problem 7.16 An alternating current J = 7 0 cos (cot) flows down a long straight wire, and 
returns along a coaxial conducting tube of radius a. 

(a) In what direction does the induced electric field point (radial, circumferential or longitu- 
dinal)? 

(b) Assuming that the field goes to zero as s oo, find t). [Incidentally, this is not at 
all the way electric fields actually behave in coaxial cables, for reasons suggested in footnote 
10. See Sect. 9,5.3, or J. G. Cherveniak, Am. J. Phys.> 54, 946 (1986), for a more realistic 
treatment.] 

Problem 7,17 A long solenoid of radius a, carrying n turns per unit length, is looped by a wire 
with resistance R, as shown in Fig. 7.27. 

(a) If the current in the solenoid is increasing at a constant rate {dl/dt ~ fc), what current 
flows in the loop, and which way (left or right) does it pass through the resistor? 

(b) If the current / in the solenoid is constant but the solenoid is pulled out of the loop, turned 
around, and reinserted, what total charge passes through the resistor? 




Figure 7.27 




Problem 7,18 A square loop, side a, resistance lies a distance s from an infinite straight 
wire that carries current I (Fig. 7. 28). Now someone cuts the wire, so that / drops to zero- In 
what direction does the induced current in the square loop flow, and what total charge passes a 
given point in the loop during the time this current flows? If you don't like the scissors model, 
turn the current down gradually: 



no 



for 0 < / < 
for t > 1/of. 



Problem 7.19 A toroidal coil has a rectangular cross section, with inner radius a, outer radius 
a + lo, and height k. It carries a total of N tightly wound turns, and the current is increasing : 
at a constant rate (dljdi = k). If w and h are both much less than a, find the electric field at a 
point z above the center of the toroid. [Hint: exploit the analogy between Faraday fields and 
magnetostatic fields, and refer to Ex. 5.6.] 



7*2.3 Inductance j 

Suppose you have two loops of wire, at rest (Fig. 7.29). If you run a steady current /]' j 
around loop 1, it produces a magnetic field B i . Some of the field lines pass through loop. | 
2; let 0 2 be the flux of Bi through 2, You might have a tough time actually calculating Bi J 
out a glance at the Biot-Savart law, | 

Mo, j dh xj I 
B ' = ^ f — ■ j 

reveals one significant fact about this field: It is proportional to the current I\ . Therefore, J 

so too is the flux through loop 2: j 

1 
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the current I\. Therefore, 
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Loop 1 




Loop 2 



Loop 1 



Figure 7.29 



Figure 7. 3Q 



Thus 



$2 = M 2 ]Iu 



(7.21) 



where M 2 \ is the constant of proportionality; it is known as the mutual inductance of the 
two loops. 

There is a cute formula for the mutual inductance, which you can derive by expressing 
the flux in terms of the vector potential and invoking Stokes 1 theorem: 

<D 2 = J B x -da 2 = J (V x AO -da 2 = j> A L - d\ 2 . 
Now, according to Eq. 5.63, 

Voh f-dh 

and hence 



Evidently 



M 2 \ 



d\i*d\ 2 



(122) 



This is the Neumann formula; it involves a double line integral— one integration around 
loop 1, the other around loop 2 (Fig. 730). It's not very useful for practical calculations, 
but it does reveal two important things about mutual inductance: 

1. M 2 \ is a purely geometrical quantity, having to do with the sizes, shapes, and relative 
positions of the two loops. 

2. The integral in Eq. 7.22 is unchanged if we switch the roles of loops 1 and 2; it follows 
that 

M 2i = M i2 . (123) 
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This is an astonishing conclusion: Whatever the shapes and positions of the loops, 
the flux through 2 when we run a current I around 1 is identical to the flux through 1 
when we send the same current I around 2, We may as well drop the subscripts and J 
call them both M. 



Example 7 JO 



A short solenoid (length I and radius a t with n i turns per unit length) lies on the axis of a very 
long solenoid (radius b t n 2 turns per unit length) as shown in Fig. 7.31 . Current I flows in the 
short solenoid. What is the flux through the long solenoid? 




Figure 7.31 



Solution: Since the inner solenoid is short, it has a very complicated field; moreover, it puts ■ 
a different amount of flux through each turn of the outer solenoid. It would be a miserable 
task to compute the total flux this way. However, if we exploit the equality of the mutual { 
inductances, the problem becomes very easy. Just look at the reverse situation: run the current j 
I through the outer solenoid, and calculate the flux through the inner one. The field inside the ■ 
long solenoid is constant: 

{Eq. 5.57), so the flux through a single loop of the short solenoid is 

"> i 2 

Bna — nQiwlxa • 

There are n il turns in all, so the total flux through the inner solenoid is 

$ — fiQTt a 2 niiwtl ■ 

This is also the flux a current / in the short solenoid would put through the long one. which is 
what we set out to find. Incidentally, the mutual inductance, in this case, is 

M — fiQJia tJ\n 2 I- 



Suppose now that you vary the current in loop 1. The flux through loop 2 will vary 
accordingly, and Faraday's law says this changing flux will induce an emf in loop 2: 



£ 2 = -^ = -M^ 
2 dt dl 



(7.24) 



(In quoting Eq. 7.21— which was based on the Biot-Savavt law — I am tacitly assuming that; 
the currents change slowly enough for the configuration to be considered quasistatic.) What 
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Figure 7.32 



a remarkable thing: Every time you change the current in loop 1, an induced current flows 
in loop 2 — even though there are no wires connecting them! 

Come to think of it, a changing current not only induces an emf in any nearby loops, it 
also induces an emf in the source loop itself (Fig 7.32). Once again* the field (and therefore 
also the flux) is proportional to the current: 



The constant of proportionality L is called the self-inductance (or simply the inductance) 
of the loop. As with M, it depends on the geometry (size and shape) of the loop. If the 
current changes, the emf induced in the loop is 



Inductance is measured in henries (H); a henry is a volt-second per ampere. 
Example 7 .11 

Find the self-inductance of a toroidal coil with rectangular cross section (inner radius a, outer 
radius b, height h), which carries a total of N turns. 

Solution: The magnetic field inside the toroid is (Eq. 5.58) 



3> = LI. 



(125) 




(126) 



B = 



ti 0 NI 



2ns 



The flux through a single turn (Fig. 7.33) is 




The total flux is N times this, so the self-inductance (Eq. 7.25) is 




' (7.27) 
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Figure 7.33 



Inductance (like capacitance) is an intrinsically positive quantity. Lenz's law, which is; 
enforced by the minus sign in Eq. 7.26, dictates that the emf is in such a direction as to! 
oppose any change in current. For this reason, it is called a back emf. Whenever you try! 
to alter the current in a wire, you must fight against this back emf. Thus inductance plays| 
somewhat the same role in electric circuits that mass plays in mechanical systems: The| 
greater L is, the harder it is to change the current, just as the larger the mass, the harder i| 
is to change an object's velocity. 



Example 7.12 



i 



Suppose a cun'ent / is flowing around a loop when someone suddenly cuts the wire. The| 
current drops "instantaneously" to zero. This generates a whopping back emf, for although] 
1 may be small, dl/dt is enormous. That's why you often draw a spark when you unpluj 
an iron or toaster— electromagnetic induction is desperately trying to keep the current goinpfl 
even if it has to jump the gap in the circuit. 

Nothing so dramatic occurs when you plug in a toaster or iron. In this case induct^ 
opposes the sudden increase in current, prescribing instead a smooth and continuous buildupf 
Suppose, for instance, that a battery (which supplies a constant emf £ 0 ) is connected to a circuij 
of resistance R and inductance L (Fig. 7.34). What current flows? 



I 




Figure 7.34 



7,2 ELECTROMAGNETIC INDUCTION 



315 



I 



SIR 




LIR 



2L/R 



t 



Figure 7.35 



Solution: The total emf in this circuit is that provided by the battery plus that resulting from 
the self-inductance. Ohm's law, then, says 11 



This is a first-order differential equation for / as a function of time. The general solution, as 
you can easily derive for yourself, is 



where k is a constant to be determined by the initial conditions. In particular, if the circuit is 
"plugged in" at time / = 0 (so 1(0) ^ 0), then k has the value -E Q /R, and 



This function is plotted in Fig.. 7.35. Had there been no inductance in the circuit, the current 
would have jumped immediately to Eq/R. In practice, eveiy circuit has some self-inductance, 
and the current approaches Eq/R asymptotically. The quantity r = L/R is called the time 
constant; it tells you how long the current takes to reach a substantial fraction (roughly two- 
thirds) of its final value. 



Problem 7.20 A small loop of wire (radius a) lies a distance z above the center of a large loop 
(radius b), as shown in Fig, 7.36. The planes of the two loops are paralleled perpendicular 
to the common axis. 

(a) Suppose current / flows in the big loop. Find the flux through the little loop. (The little 
loop is so small that you may consider the field of the big loop to be essentially constant.) 

(b) Suppose current / flows in the little loop. Find the flux through the big loop. (The little 
loop is so small that you may treat it as a magnetic dipole.) 

(c) Find the mutual inductances, and confirm that M 12 = M 2 \ . 



Notice that -L{dl/dt) goes on the left side of the equation— it is part of the emf that (together with £ 0 ) 
establishes the voltage across the resistor (Eq. 7. 1 0), 



R 




(7.28) 
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Figure 7.36 



Figure 737 



Problem 7.21 A square loop of wire, of side a, lies midway between two long wires, 3a apart, 
and in the same plane. (Actually, the long wires are sides of a large rectangular loop, but the 
short ends are so far away that they can be neglected.) A clockwise current / in the square 
loop is gradually increasing: dl/dt = k (a constant). Find the emf induced in the big loop. 
Which way will the induced current flow? 

Problem 7.22 Find the self-inductance per unit length of a long solenoid, of radius R, carrying 
n turns per unit length. 



Problem 7.23 Try to compute the self-inductance of the "hairpin" loop shown in Fig. 7.37. 
(Neglect the contribution from the ends; most of the flux comes from the long straight section.) 
You'll run into a snag that is characteristic of many self-inductance calculations. To get a 
definite answer, assume the wire has a tiny radius e, and ignore any flux through the wire itself. 



Problem 7.24 An alternating current / O cos(a>/} (amplitude 0.5 A, frequency 60 Hz) flows 
down a straight wire, which runs along the axis of a toroidal coil with rectangular cross section 
(inner radius 1 cm, outer radius 2 cm, height 1 cm, 1000 turns). The coil is connected to a 500 
Q resistor. 

(a) In the quasistatic approximation, what emf is induced m the toroid? Find the current, /,(/), 
in the resistor, 

(b) Calculate the back emf in the coil, due to the current /,(?)■ What is the ratio of the 
amplitudes of this back emf and the "direct" emf in (a)? 



Problem 7.25 A capacitor C is charged up to a potential V and connected to an inductor U 
as shown schematically in Fig. 7.38. At time t = 0 the switch S is closed. Find the current m 
the circuit as a function of time. How does your answer change if a resistor R is included 
series with C and 
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Figure 7.38 



7.2.4 Energy in Magnetic Fields 

It takes a certain amount of energy to start a current flowing in a circuit. Fm not talking 
about the energy delivered to the resistors and converted into heat — that is irretrievably lost 
as far as the circuit is concerned and can be large or small, depending on how long you let 
the current run. What I am concerned with, rather, is the work you must do against the back 
em/ to get the current going. This is a fixed amount, and it is recoverable: you get it back 
when the current is turned off. In the meantime it represents energy latent in the circuit; as 
we'll see in a moment, it can be regarded as energy stored in the magnetic field. 

The work done on a unit charge, against the back emf> in one trip around the circuit is 
—£ (the minus sign records the fact that this is the work done by you against the emf , not 
the work done by the emf). The amount of charge per unit time passing down the wire is L 
So the total work done per unit time is 



If we start with zero current and build it up to a final value /, the work done (integrating 
the last equation over time) is 



It does not depend on how long we take to crank up the current, only on the geometry of 
the loop (in the form of L) and the final current /. 

There is a nicer way to write W, which has the advantage that it is readily generalized 
to surface and volume currents. Remember that the flux $ through the loop is equal to LI 
(Bq. 7.25). On the other hand, 



where V is the perimeter of the loop and S is any surface bounded by V. Thus, 



dW 




dt 



1 7 

W = -LI . 
2 



(7.29) 





i 

\ 
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and therefore , * 

W = -I j> A • dl. 

The vector sign might as well go on the I: 

In this form, the generalization to volume currents is obvious: 

W= \ ( (A-J)dt. 
2 Jv 

But we can do even better, and express W entirely in terms of the magnetic field: 
Ampere's law, V x B = /u 0 J, lets us eliminate J: 



(7.30) 



(7.31) 



W = ~ / 



A • (V x B) dr. 



(7.32) 



Integration by parts enables us to move the derivative from B to A; specifically, product 
rule 6 states that 



so 



V • (A x B) = B • (V x A) — A • (V x B). 
A • (V x B) = B ■ B - V • (A x B). 



Consequently, 



W - 



2flQ 



j B 2 dz- J V (AxB)rft 

= _Lrfs 2 dT-(f(AxB)^a 
2/xo Uv •>$ 



(7.33) 



where 5 is the surface bounding the volume V. 

Now the integration in Eq. 7.31 is to be taken over the entire volume occupied by the 
current 'ZZy fe gI on larger than this will do just as well, for J is zero out there anyway 
^ Ec 7 3 the larger the region we p.ck the greater is the contribution from the volum 
Sal, and therefore the smaller is that of the surface integral (this makes sense: a. to, 
suXce gets farther from the current, both A and B decrease). In particular, if we agree to 
integrate over all space, then the surface integral goes to zero, and we are left with 

(7.34); 



W 



2^o Jsj 



B 2 dr. 



all space 



In view of this result, we say the energy is "stored in the magnetic field, m the amov 
(B 2 /2u„) per unit volume. This is a nice way to think of it, though someone looking ■ 
Eq 7 31 S prefer to say that the energy is stored in the current distribute in the 
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amount. \ (A ■ J) per unit volume. The distinction is one of bookkeeping; the important 
quantity is the total energy W, and we shall not worry about where (if anywhere) the energy 
is "located." 

You might find it strange that it takes energy to set up a magnetic field — after all, 
magnetic fields themselves do no work. The point is that producing a magnetic field, where 
previously there was none, requires changing the field, and a changing B-field, according 
to Faraday, induces an electric field. The latter, of course, can do work. In the beginning 
there is no E, and at the end there is no E; but in between, while B is building up, there is an 
E, and it is against this that the work is done. (You see why I could not calculate the energy 
stored in a magnetostatic field back in Chapter 5.) In the light of this, it is extraordinary 
how similar the magnetic energy formulas are to their electrostatic counterparts: 



elec 



-*/<*>*-■!/ 



E 2 dz, 



mag 



(A • J) dx = 



2mo 



dx, 



(2.43 and 2,45) 



(7.31 and 7.34) 



Example 7*13 



A long coaxial cable carries current / (the current flows down the surface of the inner cylinder, 
radius a, and back along the outer cylinder, radius h) as shown in Fig. 7.39. Find the magnetic 
energy stored in a section of length /. 




Figure 7.39 



Solution: According to Ampere's law, the field between the cylinders is 

2tts 

Elsewhere, the field is zero. Thus, the energy per unit volume is 



Mo/ 2 



The energy in a cylindrical shell of length I, radius s, and thickness ds, then, is 

fiQl^l { ds^ 



8?r V j 4tt 



(t) 
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Integrating from a to b, we have: 



W = 




By the way, this suggests a very simple way to calculate the self-inductance of the cable. 
According to Eq. 7.29, the energy can also be written as ^Ll 1 . Comparing the two expres- 

12 

sions. 



This method of calcul ating self-inductance is especially useful when the current i s not confined : -i 
to a single path, but spreads over some surface or volume. In such cases different parts of the 
current may circle different amounts of flux, and it can be very tricky to get L directly from 1 
Eq. 7.25. 



Problem 7.26 Find the energy stored in a section of length / of a long solenoid (radius R, J 

current /, n turns per unit length), (a) using Eq, 7.29 (you found L in Pmb. 7.22); (b) using k 

Eq. 7.30 (we worked out A in Ex. 5.12); (c) using Eq. 7.34; (d) using Eq. 7.33 (take as your i 
volume the cylindrical tube from radius a < R out to radius b > R). 

Problem 7,27 Calculate the energy stored in the toroidal coil of Ex. 7.1 1, by applying Eq. 7.34. .-} 

Use the answer to check Eq. 7.27. J 

Problem 7.28 A long cable carries current in one direction uniformly distributed over its : i 

(circular) cross section. The current returns along the surface (there is a very thin insulating ' T \ 

sheath separating the currents). Find the self-inductance per unit length. % 

Problem 7.29 Suppose the circuit in Fig. 7.40 has been connected for a long time when A 
suddenly, at time / = 0, switch S is thrown, bypassing the battery. 





L 



R 



Figure 7.40 



Notice the similarity to Eq, 7,27- 



1 — in a sense, the rectangular toroid is a short coaxial cable, turned on its side. 
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Figure 7.41 



(a) What is the current at any subsequent time f ? 

(b) What is the total energy delivered to the resistor? 

(c) Show that this is equal to the energy originally stored in the inductor. 

ProbJem 7.30 Two tiny wire loops, with areas and a2, are situated a displacement fi apart 
(Fig- 7.41). 

(a) Find their mutual inductance. [Hint: Treat them as magnetic dipoles, and use Eq. 5.87.] Is 
your formula consistent with Eq. 7.23? 

(b) Suppose a current I\ is flowing in loop 1, and we propose to turn on a current li in loop 
2. How much work must be done, against the mutually induced emf, to keep the current I\ 
flowing in loop 1? In hght of this result, comment on Eq. 6.35. 



7.3 Maxwell's Equations 

7.3.1 Electrodynamics Before Maxwell 

So far, we have encountered the following laws, specifying the divergence and curl of 
electric and magnetic fields: 



V ■ E = - p 



(Gauss's law), 



(ii) 



V-B = 0 



(no name), 



(iii) 




(Faraday's law), 



(iv) 



V x B = jLt 0 J 



(Ampere's law). 



These equations represent the state of electromagnetic theory over a century ago, when 
Maxwell began his work. They were not written in so compact a form in those days, but 
their physical content was familiar. Now, it happens there is a fatal inconsistency in these 
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formulas. It has to do with the old rule that divergence of curl is. always zero. If yon apply 
the divergence to number (iii), everything works out: 



v . ( VxE) = V.(-f)=-^(V.B). 



The left side is zero because divergence of curl is zero; the right side is zero by virtue of 
equation (ii). But when you do the same thing to number (iv), you get into trouble- 



v - (V x B) = w>(V ■ J); 



(7.35) 



the left side must be zero, but the nght side, in general, is not. For steady ^currents, the 
divergence of J is zero, but evidently when we go beyond magnetostatics Ampere s law 

^""There's another way to see that Ampere's law is bound to fail for nonsteady currents. 
Suppose we're in the process of charging up a capacitor (Fig. 7.42). In integral form, 
Ampere's law reads 

> B ■ — jtxoW- 



I want to apply it to the Amperian loop shown in the diagram. How do I determine / enc ? 
Well it's the total current passing through the loop, or, more precisely, the current piercing 
a surface that has the loop for its boundary. In this case, the simple* surface lies m the 
Plane of the loop-the wire punctures this surface, so 7 enc = I. Fine-but what if I draw 
Lead the balloon-shaped surface in Fig. 7.42? No current passes through tins surface and 
1 conclude that W = 0 ! We never had this problem in magnetostatics because the conflic 
arises only when charge is piling up somewhere (in this case, on the capacitor plates). But 
for nonsteady currents (such as this one) "the current enclosed by a loop ts an ill-defined 
notion, since it depends entirely on what surface you use. (If this seems pedantic to you- 
"obvTously one should use the plana! surfacC'-remember that the Amperian loop could 
be some contorted shape that doesn't even he id a plane.) 



1 



Capacitor 



B artery 




Amperian loop 



Figure 7.42 
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Of course, we had no right to expect Ampere's law to hold outside of magnetostatics; 
after all, we derived it from the Biot-Savart law. However, in Maxwell's time there was 
no experimental reason to doubt that Ampere's law was of wider validity. The flaw was a 
purely theoretical one, and Maxwell fixed it by purely theoretical arguments. 



7.3.2 How Maxwell Fixed Ampere's Law 

The problem is on the right side of Eq. 7.35, which should be zero, but isn 't. Applying the 
continuity equation (5.29) and Gauss's law, the offending term can be rewritten: 

It might occur to you that if we were to combine e 0 (3E/dr) with J, in Ampere's law, it 
would be just right to kill off the extra divergence: 



V x B = M j + M e 0 ^. 



(7.36) 



(Maxwell himself had other reasons for wanting to add this quantity to Ampere's law. To 
him the rescue of the continuity equation was a happy dividend rather than a primary motive. 
But today we recognize tins argument as a far more compelling one than Maxwell's, which 
was based on a now-discredited model of the ether.) 13 

Such a modification changes nothing, as far as magneto-stato is concerned: when E is 
constant, we still have VxB = fiQ J, In fact, Maxwell's term is hard to detect in ordinary 
electromagnetic experiments, where it must compete for recognition with J; that's why 
Faraday and the others never discovered it in the laboratory. However, it plays a crucial 
role in the propagation of electromagnetic waves, as we'll see in Chapter 9. 

Apart from curing the defect in Ampere's law, Maxwell's term has a certain aesthetic 
appeal: Just as a changing magnetic field induces an electric field (Faraday's law), so 



A changing electric field induces a magne tic field, j 



Of course, theoretical convenience and aesthetic consistency are only suggestive— there 
might, after all, be other ways to doctor up Ampere's law. The real -confirmation of 
Maxwell's theory came in 1888 with Hertz's experiments on electromagnetic waves. 
Maxwell called his extra term the displacement current: 

9E 

3 d = € 0 — . (7.37) 

f : 

It's a misleading name, since e 0 (dE/3f) has nothing to do with current, except that it adds 
to J in Ampere's law. Let's see now how the displacement current resolves the paradox of 
the charging capacitor (Fig. 7.42). If the capacitor plates are very close together (I didn't 

13 For the history of this subject, see A. M, Bork, Am. J. Phys. 31, 854 (1963), 
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draw them that way, but the calculation is simpler if you assum&Ai«),Aen the electric, field 
between them is 

* 1 12 
E - - a = — -r, 

where Q is the charge on the plate and A is its area. Thus, between the plates 

oE_ _ \ dQ _ 1 



Now, Eq. 7.36 reads, in integral form, 



(7.38) 



If we choose the flat surface, then E - 0 and 7 enc - 7. If, on the other hand, we use the 
balloon-shaped surface, then 7 enc = 0, but /(flE/3f) • da = //en- So we get the same 
answer for either surface, though in the first case it comes from the genuine current and in 
the second from the displacement current. 



Problem 7.31 A fat wire, radius a, carries a constant current 7, uniformly distributed over its 
cross section. A narrow gap in the wire, of width w « a, forms a parallel-plate capacitor, as 
shown in Fig. 7.43. Find the magnetic field in the gap, at a distance s < a from the axis. 



w 





Figure 7.43 



Problem 7.32 The preceding problem was an artificial model for the charging capacitor, de- 
signed to avoid complications associated with the current spreading out over the surface of 
the plates. For a more realistic model, imagine thin wires? that connect to the centers of the 
plates (Fig. 7.44a). Again, the current 7 is constant, the radius of the capacitor is a, and the 
separation of the plates is w « a, Assume that the current flows but over the plates in such a 
way that the surface charge is uniform, at any given time, and is zero at f = 0. 

(a) Find the electric field between the plates, as a function of t . 
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(b) Find the displacement current through a circle of radius s in the plane midway between the 
plates. Using this circle as your "Amperian loop," and the flat surface that spans it, find the 
magnetic field at a distance s from the axis. 

(c) Repeat part (b), but this time use the cylindricaHurface in Fig. 7.44b 4 which is open at the 
right end and extends to the left through the plate and terminates outside the capacitor. Notice 
that the displacement current through this surface is zero, and there are two contributions to 



Problem 7.33 Refer to Prob. 7.16, to which the correct answer was 
E(, s /)^^ s inC^)lnQz. 

(a) Find the displacement current density J d . 

(b) Integrate it to get the total displacement current, 

U = j id ■ 

(c) Compare l d and / ; (What's their ratio?) If the outer cylinder were, say, 2 mm in diameter, 
how high would the frequency have to be, for i £ j to be 1 % of /? [This problem is designed to 
indicate why Faraday never discovered displacement currents, and why it is ordinarily safe to 
ignore them unless the frequency is extremely high.] 



14 This problem raises an interesting quasi-philosophical question: If you measure B in the laboratory, have you 
detected the effects of displacement current (as (b) would suggest), or merely confirmed the effects of ordinary 
currents (as (c) implies)? SeeD. F. BartlettMm. J. Phvs. 58, UGS (1990). 
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7 3.3 Maxwell's Equations 

™t the finishing touches on Maxwell's equations: 
In the last section we put the hnisnmg ^ 



(i) 
GO 
(iii) 



V -E = — P 



V B = 0 



(Gauss's law), 
(no name), 



T7 p> iii (Faraday's law), 

v x * - dt 



(iv) V xB = M+ 



— (Ampere's law with 
dt Maxwell's correction). 



(7.39) .1 



Together with the force law, p _ q(E + v x B), 



(7.40) 



equation, 



(7.41) 



0 / • -.j 

fields can be produced dfterby charges (p) «rbj J™ < J^ d ^fidd.(aE/aO..| 
n^^^te^^l^r^^™* down to it 8B/ 9 r and J 
ActuaUy, this is somewhat ms ^^^ x tnb k it is logically preferable to wnte I 
3E/9f are fftanwlvw due to charges and cunents. :J 



(i) V - E= — P. 



(ii) V ■ B = 0, 



3B _ 

(iii) VxE + ^=0, 

9E | 

(iv) V xB-ju,ofo-gj- =WW. 



(7.42):, 



/ ^ Ti riri thp riffht This notation | 
you how fields affect ctaws«. ' Becau J 

distribution), it is easy to forget that tney pwy 
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ons: 



with 
cection). 



(739) 



(7.40) 

narnics 15 (save for some 
d6). Even the continuity 

(7.41) 

e, can be derived from 

lich emphasizes that they 
ice the notion that electric 
netic fields (3B/3/), and 
ig electric fields (3E/9f ). 
ightdown to it 38/ 9 f and 
Really preferable to write 



(7,42) 



n the right This notation 
ile to charges and currents, 
really, the force law tells 



;b botmdaiy conditions. Because 
listances from a localized charge 



Problem 7.34 Suppose 

47T€q r L 

(the thcta function is defined in Prob. 1.45b), Show that these fields satisfy all of Maxwell's 
equations, and determine p and J. Describe the physical situation that gives rise to these fields. 



73.4 Magnetic Charge 

There is a pleasing symmetry about Maxwell's equations; it is particularly striking in free 
space, where p and J vanish: 



V -E = 0, 



V ■ B = 0, 



VxE=-^, 

at 



V x B = fi Q € Q 



3E 



If you replace E by B and B by -/^oE, the first pair of equations turns into the second, 
and vice versa. This symmetry 16 between E and B is spoiled, though, by the charge term 
in Gauss's iaw and the current term in Ampere's law. You can't help wondering why the 
corresponding quantities are "missing" from V-B = 0andVxE = -3B/3/ What if we 
had 



(i) V-E=-p ei 



9B 

(iii) V xE = - M oX„-— , 

Ot 



(ii) V B = jttoAit. (iv) V x B — /z 0 J e + ^o^o 



9E 
97* 



(743) 



Then p m would represent the density of magnetic "charge," and p e the density of electric 
charge; J m would be the current of magnetic charge, and J e the current of electric charge. 
Both charges would be conserved: 



V.J^-^L, and V-J e =-^ 



(744) 



The former follows by application of the divergence to (iii), the latter by taking the diver- 
gence of (iv). 

In a sense, Maxwell's equations- beg for magnetic charge to exist— it would fit in so 
nicely. And yet, in spite of a diligent search, no one has ever found any. 17 As far as we 
know, p m is zero everywhere, and so is J m ; B is not on equal footing with E: there exist 

16 Don't be distracted by the pesky constants ^ and e 0 : these are present only because the SI system measures 
It and B in different units, and would not occur, for instance, in the Gaussian system. 

For an extensive bibliography, see A. 5. Goldhaber and W. P. Trowei; Am. 7. Pkys. 58, 429 (1990). 
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stationary sources for E (electric charges) but none for B (This is reflected in the fact that 
magnetic multipole expansions have no monopole term, and magnetic dipoles consist of:; 
current loops, not separated north and south "poles ") Apparently God just didn't make 
any magnetic charge. (In the quantum theory of electrodynamics, by the way, it's a more 
than merely aesthetic shame that magnetic charge does not seem to exist: Dirac showed 
that the existence of magnetic charge would explain why electric charge is quantized. See 
Prob. 8.12.) 



Problem 7.35 Assuming that "Coulomb's law" for magnetic charges {q m ) reads 

I 

F3^i (7.45)1 
4?r *i l \ 

work out the force law for a monopole q m moving with velocity v through electric and magnetic \ 
fields E and B, [For interesting commentary, see W. Rindler, Am. J. Phys. 57, 993 (1 989).] j 

Problem 7.36 Suppose a magnetic monopole q m passes through a resistanceless loop of wire \ 
with self-inductance L. What current is induced in the loop? [This is one of the methods used \ 
to search for monopoJes in the laboratory; see B. Cabrera, Phys. Rev. Lett. 48, 1378 0982).] | 



7,3.5 Maxwell's Equations in Matter 

Maxwell's equations in the form 7.39 are complete and correct as they stand. However 
when you are working with materials that are subject to electric and magnetic polarization j 
there is a more convenient way to write them. For inside polarized matter there will be 
accumulations of "bound" charge and current over which you exert no direct control It 
would be nice to reformulate Maxwell' s equations in such a way as to make explicit reference : 
only to those sources we control directly: the "free" charges and currents. ' 

We have already learned, from the static case, that an electric polarization P produces 
a bound charge density 

p b = -V ■ P (7.46) 

(Eq. 4.12). Likewise, a magnetic polarization (or "magnetization") M results in a bound 
current 

Jl, = VxM (7.47) 

(Eq. 6.13). There's just one new feature to consider in the astatic case: Any change 
in the electric polarization involves a flow of (bound) charge (call it J^), which must be 
included in the total current. For suppose we examine a tiny chunk of polarized material 
(Fig. 7.45.) The polarization introduces a charge density a b — P at one end and at the 
other (Eq. 4.11). If P now increases a bit, the charge on each end increases accordingly, 
giving a net current 

'dob 3P r 
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Figure 7.45 



The current density, therefore, is 

3 P=-£- (7.48) 

This polarization current has nothing whatever to do with the bound current J b The 
latter is associated with magnetization of the material and involves the spin and orbital 
motion of electrons; J,, by contrast, is the result of the linear motion of charge when the 
electric polarization changes. If P points to the right and is increasing, then each plus 
charge moves a bit to the right and each minus charge to the left; the cumulative effect is the 
polarization current J p . In this connection, we ought to check that Eq. 7.48 is consistent 
with the continuity equation: 

p Bt ar J dt ' 

Yes: The continuity equation is satisfied; in fact, J p is essential to account for the con- 
servation of bound charge. (Incidentally, a changing magnetization does not lead to any 
analogous accumulation of charge or current. The bound current J i = VxM varies in 
response to changes in M, to be sure, but that's about it.) 

In view of all this, the total charge density can be separated into two parts: 

P = Pf + Pb = Pf - V • P, (7.49) 
and the current density into three parts: 

ap 

J^J/ + J& + J^J / + VxM + ^- 1 j (7^0) 
Gauss's law can now be written as 

V-E = ~(^^V.P), 
or * 

V - D = />/ S r (7.51) 

where D, as in the static case, is given by 
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Meanwhile, Ampere's law (with MaxweU^rm) becomes 



or 



where, as before, 



9D 



H = i-B - M. 



(7.53) 



(7.54) 



Fmda ,s ,aw and V ■ B = 0 are « "* " 



(i) V D= pf, 



3B 

(iii) VxE = —, 



Cii ) V-B = 0, (iv) VxH = J/ + 



3D 

lit' 



(7.55) 



, „ rt«. W'Maxwell'sequations^utpleaseunderstandthatthey 
Somepeople regard these as : he true Maxw q ^ ^ dlV3sion 0 f charge 

the nature of the material; for linear medta ^ 



so 



P^eoX.E, and M = X...H, 
D = eE, and H = -B, 



(7.57) 



'1 



M + y i Incidentally.you'UrememberthatDiscaUedl 
where « . *C1 + X.) and M - Mo(W -fa) J,^ cqlli ,on 

3D (7.58) 



~ " " , _ 4x , 0 8 Hz has permittivity c - 8U 0 , permeabi)ity|| 

Prob lE n,737Sea water atf^uencyv=4x 4 ^ o Xonductio n cu,cnttod ? ^| 

M = MO' andres.stmly p = 0 ^™ " ltor immerRe d in sea water and dnven by a^i 
current? [Hint: consider a pal allel-plalc capaci 
voltage Vocos(2jrvf).l 
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73.6 Boundary Conditions 

In general the fields E, B, D> and H will be discontinuous at a boundary between two 
different media, or at a surface that carries charge density a or current density K. The 
explicit form of these discontinuities can be deduced from Maxwell's equations (7.55), in 
their integral form 



0) 



£D-da= 0^ 



(ii) j> B • da = 0 



over any closed surface S, 



(iii) <f -E.dl = ~ f B tfa 



for any surface ,5 
bounded by the 
closed loop V. 



Applying (i) to a tiny, wafer-thin Gaussian pillbox extending just slightly into the material 
on either side of the boundary, we obtain (Fig. 7.46): 

Dj ■ a — D2 * a = Of a. 

(The positive direction for a is from 2 toward 1 . The edge of the wafer contributes nothing 
in the limit as the thickness goes to zero, nor does any volume change density.) Thus, the 
component of D that is perpendicular to the interface is discontinuous in the amount 



- D$ = G j . 



(7.59) 




Figure 7.46 
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Figure 7.47 



3 ■■: 




Identical reasoning, applied to equation (ii), yields 

g3E3 (7 - 60) 
Turning to (Hi), a very thin Amperian loop straddling the surface (Fig. 7.47) gives 

El .^ E2 .I = -l/ 5 B.da. 

But ta th e limit as tire width of toe loop goes to .ro the ta, 
dropped the contribution of the two ends to § E ■ d\, on the same & roun 



That is. the components of E parallel to the interface are continuous across the boundary.; 
By the same token, (iv) implies 

is normal to the Amperian loop, then 



Jfcm = K f ■ (n x I) = (K/ x n) ■ 1, 



and hence 



H{-H|=K/xn. 



(7.62) 



So the parallel component, of H are discontinuous by a, amount proportional to me *| 
surface current density. 
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• Eguations.7,59-62 are the general boundary conditions for electrodynamics. In the case 
of linear media, they can be expressed in terms of E and B alone: 

(i) £] E± - e 2 Ef = G f , (iii) e|' - E| = 0 

(ii) Bj- - = 0, 
In particular, if there is no free charge or free current at the interface, then 



Civ) -1b" - -i B» = K f x n. 



(7.63) 



(i) 6] _ /■ - e 2 Ei = 0, (iii) _J - Ej = 0, 

(ii) ^ - ^ = 0, ' (iv) -B« - -B" = 0. 

Ml 1 M2 2 



(7.64) 



As we shall see in Chapter 9, these equations are the basis for the theory of reflection and 
refraction. 



More Problems on Chapter 7 



Problem 7.38 Two very large metal plates are held a distance d apart, one at potential zero the 
other at potential V 0 (Fig. 7.48). A metal sphere of radius a (a « d) is sliced in two, and'one 
hemisphere placed on the grounded plate, so that its potential is likewise zero. If the region 
between the plates is filled with weakly conducting material of uniform conductivity a, what 
current flows to the hemisphere? [Answer: (3na 2 a/d)V Q . Hint: study Ex. 3.8.] 

Problem 7.39 Two long, straight copper pipes, each of radius a, are held a distance 2d apart 
(see Fig. 7.49). One is at potential V 0 , the other at - % The space surrounding the pipes is 
filled with weakly conducting material of conductivity a . Find the current, per unit length 
which flows from one pipe to the other. [Hint: refer to Prob. 3.11.] 

Problem 7.40 A common textbook problem asks you to calculate the resistance of a cone- 
shaped object, of resistivity p, with length L, radius a at one end, and radius b at the other 
(Fig. 7.50). The two ends are flat, and are taken to be equipotentials. The suggested method is 
to shce Jt into circular disks of width dz, find the resistance of each disk, and integrate to get 
the total. ' 6 



V=V 0 




Figure 7.48 



Figure 7.49 
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} 
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w 




z 



dz 



Figure 7.50 



(a) Calculate R this way. 

(b) Explain why this method is fundamentally flawed. [See J. D. Romano and R. H. Price, An, 
J.Phys. 64,1150(1996).] 

to) Suppose the ends are, instead, spherical surfaces, centered at the apex of thecone. Calculate 
SSein that case. (Let L be the distance be tween the cente rs of the circular perimeters 
of the end caps.) [Answer: [p/2nab){b - a) 2 /(-jL 2 + (b - a) - L)\ 



Problem 7.41 A rare case in which the electrostanc field E for a circuit can actually he 
SSSi the following [M. A. He^ A,, J. Pky, 5 \ 5 f^ 1 ™^^ 
long cylindrical sheet, of uniform resistivity and radius a. A slot (corre ponding to the ba^ 
is maintained at ± V 0 /2, at 0 = ±n , and a steady current flews over the surface, as ind.cafc*! 
in Fig. 7.51- According to Ohm's law., then, 

(a) Use separation of variables in cylindrical coordinates to determine 

outside the cylinder. [A«w»v (VbAOtan-^ sin «>)/(«+* cos*)], (*<«), W*> tan 
[(nsin0)/(s + QCOS0)], (s>a)] 

(b) Find the surface charge density on the cylinder. [Answer: (e 0 V 0 /na) tan(*/2)] 

Problem 7.42 In a perfect conductor, the conductivity is infinite, so E = 0 (Eq. 7.3). and any 
neTchaSe Sides on the surface (just as it does for an ..perfect conductor, m elects). 

(a) Show that the magnetic field is constant 0B/3f = 0), inside a perfect conductor. 

(b) Show that the magnetic flux through a perfectly conducting loop is constant. 
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Figure 7.51 



A superconductor is a perfect conductor with the additional property that the (constant) B 
inside is in fact zew. (This "flux exclusion" is known as the Meissner effect. 18 ) 

(c) Show that the current in a superconductor is confined to the surface. 

(d) Superconductivity is lost above a certain critical temperature {T c \ which varies from one 
material to another. Suppose you had a sphere (radius a) above its critical temperature, and 
you held it in a uniform magnetic field Bqz while cooling it below T c . Find the induced surface 
current density K, as a function of the polar angle 9. 



Problem 7.43 A familiar demonstration of superconductivity {Prob. 7.42) is the levitation of 
a magnet over a piece of superconducting material. This phenomenon can be analyzed using 
the method of images. 19 Treat the magnet as a perfect dipole m s a height z above the origin 
(and constrained to point in the z direction), and pretend that the superconductor occupies 
the entire half-space below the xy plane. Because of the Meissner effect, B = 0 for z < 0, 
and since B is divergenceless, the normal {z) component is continuous, so B z = 0 just above 
the surface. This boundary condition is met by the image configuration in which an identical 
dipole is placed at ~z, as a stand-in for the superconductor; the two arrangements therefore 
produce the same magnetic field in the region z > 0. 

(a) Wbich way should the image dipole point (+z or ~z)l 

(b) Find the force on the magnet due to the induced currents in the superconductor (which is 
to say, the force due to the image dipole). Set it equal to Mg (where M is the mass of the 
magnet) to determine the height h at which the magnet will "float." [Hint: refer to Prob. 6.3.] 



The Meissner effect is sometimes referred to as "perfect diamagnetisnC in ihe sense thai the field inside is not 
merely reduced, hut canceled entirely. However, the surface currents responsible for this are free, not bound, so 
the actual mechanism is quite different. 
19 W. M Saslow, Am. J. Phys. 59, 16 (199 1). 
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(c) The induced current on the surface of the supempjiductor (the xy plane) can be determine, 
from the boundary condition on the tangential component of B (Eq. 5.74): B = /x 0 (K x z)| 
Using the field you get from the image configuration, show that 

3mrh * 

where r is the distance from the origin. 

Problem 7.44 If a magnetic dipole levitating above an infinite superconducting plane (Probjj 
7.43) is free to rotate, what orientation will it adopt, and how high above the surface will i| 
float? j 

Problem 7.45 A perfectly conducting spherical shell of radius a rotates about the z axis wit| 
angularvelocityw.inauniformmagneticneldB = B 0 L Calculate the emf developed bet wee| 
the "north pole" and the equator. [Answer: \ B^aid 2 ] | 

Problem 7.46 Refer to Prob. 7.11 (and use the result of Prob. 5.40, if it helps): 

(a) Does the square ring fall faster in the orientation shown (Fig. 7.19), or when rotated 45 ! 
about an axis coming out of the page? Find the ratio of the two terminal velocities. If yoj 
dropped the loop, which orientation would it assume in falling? [Answer: (V2 - lyflf 
where / is the length of a side, and y is the height of the center above the edge of the magnef 
field, in the rotated configuration.] 

(b) How long does is take a circular ring to cross the bottom of the magnetic field, at il 
(changing) terminal velocity? 

Problem 7.47 

(a) Use the analogy between Faraday's law and Ampere's law, together with the Biot-Savaij 
law, to show that 

1 a f B(r',f) x* , , 

4tt Bt J 4/ 

for Faraday -induced electric fields, 
(h) Referring to Prob. 5.50a s show that 

E = -2* (7.6* 
9r 

where A is the vector potential. Check this result by taking the curl of both sides 

(c) A spherical shell of radius R carries a uniform surface charge a. It spins about a fixe 
axis at an angular velocity w(f) that changes slowly with time. Find the electric field insic 
and outside the sphere. [Hint: There are two contributions here: the Coulomb field due to tt 
charge, and the Faraday field due to the changing B. Refer to Ex. 5. 1 1 , and use Eq. 7.66.] 

Problem 7.48 Electrons undergoing cyclotron motion can be speeded up by increasing dj 
magnetic field; the accompanying electric field will impart tangential acceleration. This 
the principle of the betatron. One would like to keep the radius of the orbit constant durir 
the process. Show that this can be achieved by designing a magnet such that the avera^ 
field over the area of the orbit is twice the field at the circumference (Fig. 7.52). Assume tl 
electrons start from rest in zero field, and that the apparatus is symmetric about the center 
the orbit. (Assume also that the electron velocity remains well below the speed of light, I 
that nonrelativistic mechanics applies.) [Hint: differentiate Eq. 5.3 with respect to time, ar 
use F = ma — qE.) 



(7.65 
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Problem 7.49 An atomic electron (charge q) circles about the nucleus (charge Q) in an orbit 
of radius r; the centripeLal acceleration is provided, of course, by the Coulomb attraction of 
opposite charges. Now a small magnetic field dB is slowly turned on, perpendicular to the 
plane of the orbit. Show that the increase in kinetic energy, dT, imparted by the induced 
electric field, is just right to sustain circular motion at the same radius r. (That's why, in my 
discussion of diamagnetism, I assumed the radius is fixed. See Sect. 6. 13 and the references 
cited there.) " 

Problem 7.50 The current in a long solenoid is increasing linearly with time, so that the flux 
is proportional tot: <Z> =^at. Two voltmeters are connected to diametrically opposite points 
(A and B), together with resistors (R { and R 2 \ as shown in Fig. 7.53. What is the reading 
on each voltmeter? Assume that these are ideal voltmeters that draw negligible current (they 
have huge internal resistance), and that a voltmeter registers E - d\ between the terminals 
and through the meter. [Answer: V } = aRi/{Ry -f. R 2 )\ V 2 = -ctR 2 /(R { + R 2 ). Notice 
that Vi 5* V 2 , even though they are connected to the same points! See R. H. Romer Am J. 
Phys. 50, 1089 (1982).] 

Problem 7.51 In the discussion of motional emf (Sect. 7.1.3) I assumed that the wire loop 
(Fig. 7.10) has a resistance R\ the current generated is then/ = vBk/R. But what if the wire 
is made out of perfectly conducting material, so that R is zerol In that case the current is 
limited only by the back emf associated with the self-inductance L of the loop (which would 
ordinarily be negligible in comparison with I R), Show that in this regime the loop (mass m) 
executes simple harmonic motion, and find its frequency. 20 [Answer: o> = Bh/JmL] 

Problem 7.52 

(a) Use the Neumann formula (Eq. 7.22) to calculate the mutual inductance of the configuration 
in Fig. 7.36, assuming a is very small {a < b, a z). Compare your answer to Prob. 7.20. 

(b) For the general case (not assuming a is small) show that 



20 For a collection of related problems, see W. M + Saslow, Am, J. Phys. 55, 986 (1987), and R H Romer Eur 
J- Phys. 11,103 (1990). 
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Primary 
(N\ turns) 




Secondary 
(N 2 turns) 



where 



Figure 7.54, 



ah 



p hl.m 7 ^ Two coils are wrapped around a cylindrical form in such a way that the sam« 

* b- * «, 7.54). If i in - p„™v 

show that the emf in the secondary is given by 



N2 



(761 



conservation of energy, check outProb. 7.54.] 

Problem 7.54 A transformer (Prob. 7.53) takes an input AC voltage of 

FroDiem fji a Ui v rt u tll ^ V. which is determined by the turns ratio (Vj/Vn 

if the voltage goes up, the eurrent must come <fovv„. The purpose of this p.oblem . 
exactly how this works out, in a simplified model. 

<«, ,„ _ « t. -o. ^^il— — .^H 

secondary. Show that in this case M = LiL 2 . wtlere 
and Li Z, 2 are their individual self-inductances. < 
(b) Suppose the primary is driven with AC voltage V in = V, cos (tu/), and the secondary 
ConneSd to a nLtor, R. Show that the two currents the relations 



L . d J± + M ^ = Vi cos(a>r); 



<"2 „ d h i p 
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(c) Using the result in (a), solve these equations for 7j(r) and J 2 {t). (Assume 7i has no DC 
component.) 

(d) Show that the output voltage ( V out = I 2 R) divided by the input voltage (V-J is equal to 
the turns ratio: V ou \/Vfa = Nz/N\ . 

(e) Calculate the input power (P- m ~ V m I^) and the output power (P m = V 0Ut I 2 )> and show 
that their averages over a full cycle are equal. 

Problem 7.55 Suppose J{r) is constant in time but p (r , t ) is not — conditions that might prevail, 
for instance, during the charging of a capacitor. 

(a) Show that the charge density at any particular point is a linear function of time: 



where p(r, 0) is the time derivative of p at t = 0. 

This is not an electrostatic or magnetostatic configuration; 21 nevertheless — rather surprisingly — 
both Coulomb's law (in the form of Eq. 2.8) and the Biot-Savart law (Eq. 5.39) hold, as you 
can confirm by showing that they satisfy Maxwell's equations. In particular: 

(b) Show that 



obeys Ampere's law with Maxwell's displacement current term. 

Problem 7.56 The magnetic field of an infinite straight wire carrying a steady current / can be 
obtained from the displacement current term in the Ampere/Maxwell law, as follows: Picture 
the current as consisting of a uniform line charge X moving along the z axis at speed v (so that 
/ = kv\ with a tiny gap of length 6, which reaches the origin at time t — 0. In the next instant 
{up to t = e/u) there is no real current passing through a circular Amperian loop in the xy 
plane, but there is a displacement current, due to the "missing" charge in the gap. 

(a) Use Coulomb's law to calculate the z component of the electric field, for points in the xy 
plane a distance s from the origin, due to a segment of wire with uniform density -X extending 
from z\ = vt - e to Z2 = vt. 

(b) Determine the flux of this electric field through a circle of radius a in the xy plane. 

(c) Find the displacement current through this circle. Show that Irf is equal to I, in the limit 
as the gap width (e) goes to zero. [For a slightly different approach to the same problem, see 
W. K. Terry, Am, J. Pkys, 50, 742 (1 982).] 

Problem 7.57 The magnetic field outside a long straight wire carrying a steady current J is (of 



Some authors would regard this as magnetostatic, since B is independent of t. For them, the Biot-Savart law is 
a general rule of magnetostatics, but V ■ J = 0 and V x B = jl^oJ apply only under the additional assumption that 
p is constant. In such a formulation Maxwell's displacement term can (in this very special case) be derived from 
the Biot-Savart law, by the method of part (b). See D. F. Bartlett, Am. J. Pkys. 58, 1168 (1990); D. J. Griffiths 
and M. A. Heald, Am. X Phys. 59, 1 1 1 (1991). 



Kr,O = P(r,0)H-p(r,0)r, 




course) 
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Figure 7.55 



The electric field inside the wire is aniform: 



E=. 



1L 

7i a - 



z, 



F 7 1 and 7 3) Question: What is the 

Laplace's equation, with the bounds condition. 



(i) V(a 



?1 = 



(ii) V(b,z)=0. 



conditions at the two ends. In the faantuc u «J »^ ^ tQ c y(l , z) _ 

rug by simply averting (in so many words) that 1 (s. e) P P 
On this assumption: 

(a) Determine V{s, z). 

(b) FindE(i,z)- 

(a) Find the capacitance per unit length, C. 

lb) Find the inductance per unit length, C. :; 

line; v - pJn J 

" J ^7^25 (New York: Academic Press, 1952); E. Merzbacher, Am. X TO :| 

22 A . Sommerfeld, E^vn^c, p. 125 ^ w) _ J 

48 104 (1980): further references m M. A. Heald, Am. j. ny 



s V 




. \ 
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. ' (d) If the strips are insulated from one another by a. nonconducting material of permittivity 
e and permeability fi t what then is the product LCI What is the propagation speed? [Hint: 
see Ex. 4,6; by what factor does L change when an inductor is immersed in linear material of 
permeability jil] 

Problem 7,59 Prove Alfven's theorem: In a perfectly conducting fluid {say, a gas of free 
electrons), the magnetic flux through any closed loop moving with the fluid is constant in time. 
(The magnetic field lines are, as it were, "frozen" into the fluid.) 

(a) Use Ohm's law, in the form of Eq. 7.2, together with Faraday's law, to prove that if a = oo 
and J is finite, then 



(b) Let S be the surface bounded by the loop (V) at time r, and S* a surface bounded by the 
loop in its new position {P) at time t + dt (see Fig. 7.56). The change in flux is 



— = V x (v x B). 




Show that 



B(/ + <*/)■ </a + B(f + d?) ■ da = B(/ + dt) • 
(where Tl is the "ribbon" joining V and V ! \ and hence that 




(for infinitesimal dt). Use the method of Sect. 7.1 .3 to rewrite the second integral as 




and invoke Stokes* theorem to conclude that 




Together with the result in (a), this proves the theorem. 




V 



Figure 7.56 
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Problem 7.60 ■ >: ' ~\ 

(a) Show that Maxwell's equations with magnetic charge (Eq. 7.43) are invariant under the i 
duality transformation j 

E' = E cos a + cB sin a, 

cB' = cBcosa -E sin or, (7.68) : 

c ^ = cq e cos or + q m sin a, 1 

^ = q m cos a - cq & sin a, j 

where c ^ X/J^m and tr is an arbitrary rotation angle in "E/B-space" Charge and cunent ] 
densities transform in the same way as q e and . [This means, in particular, that if you know j 
the fields produced by a configuration of electric charge, you can immediately (using a = 90 ) 
write down the fields produced by the corresponding arrangement of magnetic charge.] £ 

(b) Show that the force law (Prob. 735) • 

F - q e (E + vxB} + 9f}1 (B-^vxE) (7.69) \ 

is also invariant under the duality transformation. 



